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I. INTRODUCTION

The horizontally curved beam has a variety of uses
such as iIn the design of elevated tanks and balconles of
theatres and auditoriums, According to Young and Hughes
(15) vridge girders have been bullt of circuler-arc plan,
The principles of analysis of the horlzontally curved
beam mey be applied to the arch rib with & lateral wind
load, It has also been found expedient to use the curved
beam for corners of bulldings where it 1s desired to omlt
columns,

The problem of the curved beam is a three dimen-
sional one, It involves Bending moment, torque and shear.
A general sélution which could cover all cases would be
very complicated, One compllicating factor is the measure
of torsional rigidity. Another complication 4s introduced
by the fact that for certaln cross-sectlons of beam, par-
tlcularly those of I-form, there are bending moments ine
duced in planes parallel to the plane of the axis of the
beam which cannot readily be determined by the use of
statics, If the simplifying assumption is made that the
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'uﬁit angle of twlst varies as the total torque, regerdless
of the length of the member, then a general solution may
be expedited, There remains then only the bvending moment,
torque and shear for which to solve, IHowever, an analysls
of this type is not applicable to a curved beam when its
shape la such that addltlional bending moments may be in-
duced in planes parallel to the plane of the axis of the
beam,

A speclsal solutlon 1s necessary for & curved beam of
I cross~sectlon, In thils case there exists a bending
moment in the plane of each of the flanges, The benﬁing
moment in one flange is equal to the bending moment in the
other flange but of opposite sign. When analyzing the beam,
if we Ilmagine the beam cubt at any section these two moments
cancel the effects of one another, Consequently, it is
necessary to depend upon dlsplacements when solving for
these induced bending moments, There 1s also a shear which
accompanies each of these moments, This shear contributes
to the total twisting moment iIn that the total twilsting
moment is equel to this shear times the depth of the bean,
or more properly the dlstance between the centroids of the
flanges, plus the pure torsion, The curved beam of I
cross-section also has bending moment, twisting moment and

vertleal shear acting upon 1t,
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The objectlves of this thesls are, flrst, to present
an analysis for a curved beam of any plan in which there
is llittle or no bending moment induced in planes perallel
to the plane of the axis of the beam; second, to present
an analysis of the clrcular-arc beam of I cross-section
which is loaded by single concentrated loads; and third,
to present the results of experiments for comparison with
the algebralc analyses,

In connection with these snalyses experimental in-
vestigntions were conducted on a curved round rod of steel
and a curved I-beam., The I-beam was bent cold and tested,

both in the unannesled and annealed conditions,
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II. IISTORICAL

The problem of the beum curved in plan has been
treated by a number of investigators, The first work on
the curved beam was by Grashof (6), He dealt wlth the
circular ring cut at a sectlon with two equal and opposite
loads applied at the cut ends,

The majority of investlgrtors have used the clrcular-
arc for the plan of the beum and have assumed that the
unlt angle of twlst varles dlrectly as the total twilsting
moment, regecrdless of the shape of the cross-section.
Mayer (9) trented the girder of half-circular plan with
unsymmetrical loads and a uniform load. Federhof (3) did
the same but extended the work to include influence lines,
Gibson and Ritchle (4) published & book on the circular-
arc bow gilrder in which are given curves of bending moments
and twistling moments to be used for various values of sub-
tended arec, They presented the results of experiments
conducted on a number of commerciasl steel sectlions which
were tested in order to determline the torsional rigidity

of these sectlons, Keannenberg (7) treatod the circular-
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arc beam on which the loads were symmetricelly placed,

5t, Hessler (12) worked on the circular-arc curved
beam with filxed ends and loaded with uniform and symmmet-
rically placed loads, He also derived formulas for the
analysis of circular-arc beams with uniform loads in which
the beams were on three and four equally spaced supports
(13).

Worch (16) treated examples of curved beams made up
of straight pleces and having several intermediate supports,
Hailer (6) snalyzed o speclal case of a beam whose plan was
made up of a straight piece and e quadrant of 2 circle and
loaded uniformly, Oesterblom (10) treated the circular-arc
girder with uniformly distributed loads and presented curves
of bending moment and twlsting moment for varlous values
of the elastic constants,

Plppard and Barrow (1l1l) treated the curved girder
wlth fixed ends, The curve of the girder could have any
plan form, i.e,, 1t was not limited to the clrcular-arc
shaps, The procedure recommended for the analysls of the
non~-circulaer shape involved the use of a planimeter or
Simpson's rule for determining areas, The first analysis
developed in this thesls ellminates this inconvenlence
and expresses the bending moment, twilstlng moment and

shear in general terms,
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All of the work mentloned above neglected the special
treatment necessary for curved beams of I cross-section,
Andrée (1) was the first to treat the beam of I-form,
Unold (14) published the most complete treatment of
clrcular-are curved girders and included a summary of the
work done on this problem prior to 1922, In the second
analysis of this thesla hls treatment of the circular-arc
beam of I cross-section has been extended to apply to the
beom with unsymmetrical concentrated loads and experiments
were conducted for comparison with the senalysis,

An uncertainty in a problem of this nature is the
determination of a suitable torsion factor for lrregular
cross~-sections, Along this line experiments have been
conducted by Ritchle (4) and by Young and Hughes (15).

An attempt was made by these investigators to determine a
sultable relation between the experimental velue of the
torsion factor and the polar moment of inertia of the
sectlions tested, but the results were not entlrely satis-
factory, Lyse and Johnston (8) conducted an extensive
investigation on commercilal steel sections in which the
experimental values of the torslion factor were compared
with the results of work using the membrane analogy.

Thils investigation was found to be quite satilsfactory
and consequently the information has been made availlable

to the engineering profession in a steel handbook (2),



ITT, ANALYSIS OI" CURVED BEAM BY METHOD OF WORK INVOLVING
ONLY BENDING MOMENT, TWISTING MOMENT
AND VERTICAL SHEAR

4

A, General

The analysls developed in this chapter follows some-
what the procedure presented by Pippard and Barrow (11),
but the solutlions are extended to include formulas for
bending moment, twisting moment and shear in general
terms, Where 1t 1ls posaible terms are combined 1in order
to expedite the work necessuary for practical anplication,

The formulas derived in this chapter are applicable
to a curved beam with fixed ends and a plen of any shape,
Needless to say, the application becomes simplified for
the case 1n which the plan of the beam 1s symmetrical,

In golving for the redundants we imagine the beam
cut et any sectlon, C, (see Flg, 1) and such forces are
applied as to aguln produce continuity, In thls case
the beam s cut along the YZ2-plane, At the cut end are
placed a bendlng moment, twisting moment and shear, de-

slgnated by the characters M,, T, and V,, respectively.



The equatlon for work 1s written and by taking partial

derlvatives of the work with respect to M,, T, and Ve

c
and equatlng each partial derivative to zero, three
equations are obtalned involving the three unknowns,
In the case of the unsymmetrical beam the section,

C, should be taken at the right support. Then all terms
with the subscript R would vanish, as they are used to
indicate functions on the right segment of the beam,

The bending moment, twisting moment and shear at the
right support would then be glven by the formulas for

Me, Te and Vg, respectlvely,

B, Notation

The following notatlion is used in Chapters III and
Iv.

The subscripts L and R deslpgnate the
left segment and the right segment,
respectively, of the beam.

e angle which the tangent to the left
segment of the bseam axils mekes with the
Y~-axls (Fig. 1b),

g angle, corresponding to €, for the right

segment of the beamn.,



Mgy To and Vg,
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bending moment, twistlng moment and shear,
respectively, at C necessary to produce
continuity.

elemental length of the beam axis,
bending moment and twisting moment, res-
pectively, at any section on the beam.
moment, at any sectlon, in the X-direction
due to the applied loads.

moment, at any section, in the Y-direction
due to the applied loads,

modulus of elasticity in tension,

moment of inertia,

modulus of elastlclity in sheear.

a toralon constant; polar moment of
inertla for cilrcular section,

flexural rigldity,

torsional rigidilty.

distance from C to sectlion under con-
slderation in X-direction,

distance from C +o section under éon-
slderation in Y-directlon,

work.
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C. Assumptions

The followlng assumptlons are made,

1, Hooke'!s law applies,.

2. The deformations are small mo that it may be said
(approximately) for angular deformatlons that o= sin« -
tan « , where « 1s the angular deformation,

3., The angle of twist per unit length of beam varies

as L.
GK

4, The angle of bending per unit length of beam

M
1 —
varles as -

o

D. Derivation

Figure la, a vliew of the left segment of the beam,
shows the positions of the X-, ¥- and Z-axes. The Y2~
plane cuts the beam at C. At the cubt end the positive
direotlons of bending moment, twisting moment and shear
are indicated. |

Figure 1b shows the line dlagram of the left segment
of the beam with the angle © and x~ and y~ distances,

In order to express the bending and twisting moments,

due to the shear Vor 86 any section ln terms of the
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coordinates x and y 1t is necessary to express the dis-
tences. u and v (Fig. 1b) in terms of x and y. The
distance u is from C to the sectlon under consideratilon

along a tangent at the section. The perpendicular distance

from C to the tangent at the section 1s taken as v,
Figure 2 shows the portilon of the beam between C and

any sectlon, From the figure we see that

v = AC = AB - BC = DE - BC
=% cos8 68 — v 8in ©

and
u = AF = AD + DF = BE + DF

=X 3in 6 + y cos ©

Now, the bending moment and twisting moment at any
point along the left segment of the axis of the beam may

be expressed as follows;
MLz Mg 8in 8 + Vou + T, cos 6 + me gin 6 + mYL cos ©
=M, 8in @ + V,(x 8in 8 + y cos 6) + T, cos ©
+ my, 8in @ 4 my cos @ (1)
and

Ty, = ~M, cos € — Vov + T, 8in € — me cos 6 + mVL sin ©
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=—M, cos & - Vc(x cos 6 - v 8in Q) 4 Tc sin ©

- cos O m 8in ©

In a similar manner the expressions for hending
moment and twlstling moment may be written for the right
segment of the beam, Flgure 3 shows the right segment

of the beam with the positive directions of M,, T, and

c
Vo indlcated, 1In order to have continuity the value of
M, on the left segment of the beam must be equal to the
value on the right segment, The values of T, and Vg,

on tho left segment of the beam must be equael to those
on the right segment but of opposite sign., The expres-
slons for bending moment end twisting moment for the

right segment of the beam may be written as follows:
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M =M 5)‘0;:5 Ku-[cos@ +m,,Sing +m,,cosH

=M. Sing ~Y (x5ing +ycos) - [cosp +m, Sirg#in, COSF (3/
ond
b =Mcosgtl v -[Sing-m, cos@+m, S P
=N cosgrlf (xcw;xhy:mw -{ Sing -/7, cas;d #00Y, SING 4/

/Vey/ec//ﬂy e work of he verrical Shear Pe eyua//oﬂ
for work may be wrilfer

M s T‘a/.s Mids VT 'a@s
V=L7e7 " 76K TLZET 7oK @/

Then the work VY may be o&/fferentiarea with resoec’
fo eacth of the variadles M., [ ana ¥, Gving

w _NMes o TIcs L §teds 004 Y Eats o

Im L ET LG IMILET o TLGK oM ¢/
Y Mds S [ 9% |, §/%ds o/% 2 .Q_ZE )

o7 LEL 3T Tlok oL L FEI o7 LGK .

Ma’& aML Lds 0)7 M ds A/ L5 @)

0“4 VAT TN, JY LEK Y

or

;)“,/%/ =) M sine £ ) Tcos6 G+ )1, 5ing & —Zchw;fg"—{-’w (9)

gl;}/ casaf[ %2_7'.5//756,{ ZMC&J %55 2—7'5 /7;/ (70)

I ! s , S
ol Z [ (x 5N +y cosE) 5F -27'//\ o058~y S5inb) sk

._.ZM (Asmg fyC’a.S¢/ # Z le(XCOSH ysxﬂ%/ 6—7‘, =0 ()

Oubstitvling egualions (11,(2), (3) and (€) i
eyua/‘/'a/?o‘ (9),(lo) and/ (11) e hare



S5/178 s
§ [ r, /8 + W (x sint+ycos§) + T cosd +m, Sinb+m, (asé’j““‘““ -

-—>' - : ; ; co58a5

L/Vc Siné& +li (XS/né 74.7c(/59)1’- A 505.97‘(73‘L S8 wn& rase] = +

ZEMc 5/n8 + Y (XSIné ty co5E) + [ cosb +m Sinb+m, coséf?(x 5/ 8 4
£ ,

For symmetrical stroctores § moy be faken egual fo & ane

2
2/‘7 2 5//7 8 s _cosaa/ ’LZ(M +m, 2.5//725557"2/9 +m, ) s

2¥ Z-[X-W@“W(ff 6/(/"/5*.9/‘”" 6’ .Sm 9)4/5]7«-27'2/ cos’o

z 1/ Z-L(x Siné&+y (0.56’) 2 (xco$8 —y 5 8) E’/%].f.z Z‘ZE&S&’(,( S
jo/V/'/?g £or /‘7 from ef”o ;‘/bn 75) we Aave

2
Z/m +mxe// S/n ﬂa.’s'_"_ co: -4 7‘_2/,,.) +m / 2y
.S//) ﬂa’.s C'o.ﬁ“ﬁa’.s
ZZ (L 4 Co o

(4

M =

From dederminonts we bove |
}‘_/0 *Z_é—/-c =0 ) o=
Yo +7@+F = ‘

{_’z Z[cas&(xs/}yg,cy c‘a.s&)?‘-% — S/ & (Xcos3 8~y s/ a}gf;

{Z ) [x 5ine cosé,

(T siscasogs- g pepestesss sy
z[z_[x Sin é

- { Z_[ x in 8 cost 7~ 88 )+ (F2# + 522 %) ]} { )i,
2()

Vo=

c







. 7 ; ' 058
T ZE‘/‘Z €950 - ’{/X‘0~’9—.95/06V+Z_5/f76~0g‘ €058 +/m, 5iné c—_——Gj/f S}

5 + Z[—-/‘Z 5055-—g/xcaJﬁ“yS/'ﬂﬁ/*Z‘&/'ﬂ&—/n, cosé +m, S5/ 8 .2/7(0 a’s_
L . A y

8 +y c-osayz__%/_é “ZEMc cos8 — l(/ (xcos8 - g S/ 9/7«-[.5/};5— ., cos 8 +m9‘ .5/04
ne Fhe cbove egua rons may be writlen

/.smac'o.s& -/—Z/m + 7, )5056’6/( Z/m + 7, ).s/nacose gs _

’

'Xélbﬁ*yta.sé’/é, — S/ 8 (X cosb - y.s”ﬂ?)é. 5]+ Z—/mx _,7?\’()[5/',7,9/){‘,/}79_*5

-

o
17 8 cOSE _,5[ 6;

(18)

s : ' S
/= aé}c-‘_v‘ai/ and T = —g;%dagc Using 1his Form /n Jo/w'/;j for Y a

]}{Z[(m mx }.5//79 COJ&/EY 6/()"‘/”7 —"/77 )(CaJﬂd.s+ s/g/i‘
7J¢9/EI G/() _,_y/ 60529 d.s,,. .s'/,,fa a’J)]}{ZZ—[CaJ&fX 517 8 +y co.f&/ LI . s/n 8|

=, )_;,’,,gm;g/éi /%(m% m, /(ws’&a:s 5//7 90’/]} {Z(caszaa’.s

sin 8 cosé (2% - 2)ry( 6'06 6’ s 4 .sm ¢ a’.y]} {Z[X (.S/nz&a'.s _goGJ/:_J s

/’7& ""72 )X(Jm &d; co.s &d)f(m -m )9:.5//75(0549(51 ij,l./m m )X5/1756'056
{Z[x.sm&c‘os&(e’é- a’.s/,,_ 50-5 00’5_,_ .S/nz&o’-r)]} 2 {Z[x:'/ Jm‘aa’J # cca,;s;gd., ‘







—-a,s&afs *ZEM Sin P Y (xsing+y cosd)— L cosg+m, s/ﬂ¢+m cosp ] J/:_Ig

g’/’f s _ Z[Mc sing - (xsn Pty cosP) - [505¢+@£ Sind 7, casg | _____ng

#7, St 8] /x cos & -y 5in .9/6-91//—-‘; — Z[/\g sin @ =l (X sin @+y cosg)—~T cosd *m

= & (/5/
(c‘o.Sc? -56///7(9)0/5_0 //6/

g d | . . !
(XS5t 8 +y co.fé’/gz‘f +ca.5€/)<co.5¢9—5/-5/06’)6%f +2--//;v7.,,;~ -/72% }[ca.sefxsmz?-

for Y and [ we have

.S/r)zﬂ G/JJ} {Z (‘().525 a’5+ .S'/nzﬂa(s)} {Z{/m ____/77 )Jlﬂg'f‘/m -
% — S/ 8(x <056 -y 5/ 8) a’-f]} {22[/" Sin 8 +y cosa/“”s + /xCo.sé’ Yy Sin8)

28 d. 8 o, /s | :
ME.[ 9528 ds _, 5//7 é’a’.f)} {Z'[/m M, ) X /5//7 S 4 co.s‘é’ /7"/”7&" )y 5,:‘
'ﬂd 28 o C o

5%%_(!;_2’:.’} 12Xy S/né C”‘g/c:-'f GK/*-VZ/C b5 s sm J/]} {ZZ/ 3

XS5/ 85056’/;} Ga;‘g}-r‘-(my‘_ /_9/‘“ &0’5_,_ Jéan a’)]} +{ Z[Xz/ S/17 &457‘_50.5/{64.5/

_:Z_L_g/ #2ZXY St 8 6056?/2__-}‘5 gg’,zz/,;yzfc‘ozﬁ as , $in zaa’;/]} {Z"/ cos‘&ds







s8] i—i’}f‘—"i‘ + Z[M‘ cosp~ Y (xcosp~y Sin @)+ T Sim P+ m,, CoOsp — m, S
';b] _%%,d_eif + Z[/‘Z cos@-lf (xeosg — 4 .sx'n,é)+Z' 3/?;?,& +m,, cosp - < S/

o3¢ +m_ Sin ¢ #m, €os £ ]/,\' 5t p+ycos@) [%Z ~ Z [/‘Z cosp—l/ (X cosp~ y S/ )+

/x.s/'ﬂé +yc‘0.56yfol - Sin8[(Xcos8 - S/ 9) ] o (17)

+/m -7, }casé’}{x&/n& +ycas<9)gjs "LZ{(M& "”ZL,/Cd-Sﬂ o+ (-
.VJ//)&) a’&]}{ 2"((05 8ds s/nzaa/)} '

)y 5inb casofEE ~ZE)p(m, —rm,, ) x5inb cosb( B =22 )+(m, -, )y (<2
,(605’6’0’5 S/n 28 os)

6Kk 7 |
cw /-/-ny.s/n& ca.sa’v'( )7‘5,2/:03 ﬂa’.s_,L S/ de/_/}{X[ﬁ”xL m, /Jm&

y'e s, .)‘/n 29 as }
ET







: cospals _ -
77 ¢+mxe cosp — m, Smn ¢/ G K< = o . ~(/2'/
. . o
g+ m, -cas¢~n7&,5m¢] i_’G”___-/ﬁS o (13)

. ’ . | ' : ' d ) |
S -l (X cosp -y Sin ¢)+]sin # #m, COSP=m, -Slﬂﬁ]/,\’(o.sf "y IPE) = O ( 14/

2 (17)

; & "’5/'/76’/—0/;}
-m, )cos8 +(-m, +m, ) siné} (Xxcos8 -y o |

. 6 o
22 )+ (my, ~m, /y/c‘y&s .sm .s]}

(19)

%)) §itn-m,, ) mnm/f, Bty joget, s /g

(20)







For a symmetrlcal structure the coeffilcients of Vg,
and T,, in equation (12), cancel so that one may solve
directly for M,. Then the two remaining equatlons (13)

and (14) each huve two unknowns which can readily be

determined,

Let

sin © ‘cos © (%—;— - %—%) = b (21)

2 2
g_in @ ds - cos”e ds - (22)
BI GK

and

cosz © ds sinz__e ds

4 ’ +
EI oK

i

(23)

the expressions for M,, V, and T, mey be rewritten



M=~

S(m.+m, e+ 3 (my+ my, )b
S C (24)
(25)

(Z(xb+gd))(z[(mx My Yb+(my -~ mga)d]> (Zd)(z [ - mx&)(xc+gb)+(mx,_ m.,g)(xb-t-qd)])
(2 (xb-u;d)) - Z,(Z(x c+2xyb + gzd))(z d)

_(z(xb-fgd))(z[(m& m, )(x(:ﬂ;b)-\—(myL my, (xb+gd)D (Z(x C~i-2.x9b+tfd))(2[(m, m, )b +(my~ mgg)d})
2(50ya) — (0% xyor FI)(59) (26)

c

If one is interested in drawing influence lines and loads only the left half
my -0 and equoftons(z4) (25) and (26) may be written

of the structure mx

_ 2 MC +2my b

Mc— 2 2 . (2'7)

(E(xb +yd))(2 (M, b+ myd))+ (zd)(Z[me(xc +yb)+ my (xb + 9d)]) (28)
Z(Z (xb + g'::())2 -Z,(Z (xc + zxgb + 9zd))(2d)

_(z(xb+gd))(§[m, (xc + yb) +m, (xb+gd)]) (z(x c+2xyb+y d))(z(m, b+my d))

Z(X(Xb +gd)) -Z(E(x c+2,xgb+y"d))(2d) ’

V.=

(29)

c™



To further simplify equatlons (28) and (29) the
following substitutions may be made:

let (xc + yb) = D
and (Xb + yd) = B
Then
m, ¢ + )my b
}‘ﬁe = - Z . Z 9 (50)
Z)c

= (7B)(3(mbo +m, d)+(3d) (]} (me D +m, B))

e~ 2(78) - 2(7(xD+yB)(Zd) (81)
o = ~(ZB)(Z(m Dtm, B+ (T (xD+y BT (mu o+ m, d) (32)
c Z(IB) =2 (7 (xD+yBN(2d)

In order to facilitate the computations in the solu~
tions of an actual canse the expressions for b, ¢ and d
may be rewritten as follows:

b=s1necose(9~‘-’~—ds~“n29 1 1

U T T ('}:ﬁ‘ - 'é-i-{-)ds

8in 26
“Tpgp () de (33)

where n = -E-I-

GK



¢ = 8in” 8 gy + cos GGK-(l—cosze).é-ﬁ
£(1 + cos 2 9) 88
26K
e e Ay 38 1l 1, ds
=g tar) 5 —°® 20 (57 - 3
ds cos 2 @ ds
=(1 + n) T (L — n) 5 TT (34)
and
& e a i 2 O d
. gos ) sin _ds _ as
q= = + E— (1 + cos 2 ©) 55T
ds
- (1 - cos 2 @) Y
- ds . _ cos 2 6 ds
=(1 + n) em:"(l n) 5 BT (35)

In the case of o load at the center of the beam, with

the section C taken at the center, Ve

zero and the expression for Mc may be simplifiled to

and ’I.‘c are equal to

) mx, © -i-Z my. b

e 27 ¢




In the case of a unit load at C

and

Bm, = =%
Iy,

and since

it

Xxec + ¥yb D we then have

7 D
M —
QZc (36)

For the case of an unsymmetrical 6eam, take the

section C at the right support, Then Mc, T, and Vc

are the bending moment, twlsting moment and shear,

respectively, at the right support, Exprossions for

Moy To and V, then may be wriltten

R
Mp = e
c N
- S
Tc = 5
and
_Q
Ve = 3
where

N (3 o) (Z B+ (% a) (FDF + (% 0)%(F (xD + yb))
-(2e)(2a) (Z(xD + yB) ) = 2(2ZD) (Zb) (IB)
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R=F(ZB)2 + 0H(Z(xD + yB) ) (T b) + J(TA)(T D)

- F(J(xD + yB))(Z &) =~ H(TD)(FB) - J(Tb)(2EB)

[42]

F(S (xD + yB) (T 1) + H(Z D)% 4 5(5 c)(ZB)
-~ P(ZB)(ZD) - A(T (xD + yB))(Z ¢) - J(3 b)(J D)

Q= F(TA)(TD) + H(ZB)(Sc) + T v)° ~ F(Zb)(JB)
- H(ZDB)(TD) - 3(3a)(Te)

i

¥

- mec -Zmyb
H= m b Z

J= -z m, D -zmyB

The other symbols are as previously defined,

In order to determine the bending moment and twisting

moment at any section the above values of M, , T, and v,

should be substituted in equations (1) and (2),.
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IV, EXPERIMENTS ON A CURVED KOD O0F CIRCULAR~ARC PLAW,

A, Tests

An application of the theory presented in Chapter
III is demonstrated by the analysis and testing of a
3/4 inch round rod of medium open hearth steel, The rod
was bent into a semi-circle wlth a center l%ne radius of
144 inches and with 5 inches of each end left straight
and then threaded. Each end of the rod had two square
head nuts for anchorage purposes, Each nut at the be-‘
ginning of the src had a hole drilled through it and
through the rod, then a pin was driven into the hole so
as to lock the nut on the rod and thus prevent turning,

The bent rod was fastened to a 15 inch channel
(a'part of the steel framework in the lasboratory) by means
of two 3/8 inch plates and elght 3/4 inch bolts., As
descrilbed above, the nuts on the test specimen were
fixed in such a way as to simulate & fixed end condition
when the rod was clamped in place. Loads were then app-

lied at right sangleas to the plane of the axlis of the rod.



Two Huggenberpger tensomebers were used for messuring

strains due to bending moment, and a troptometer on a
1 inch gage length for measuring angles of twist due to

torque. (Tig. 4). The troptometer arm made contact

1
with the plungex» of a
v pLung 10,000

from the axis of the rod,

inch dial about 1% inches

A modulus of elasticlty in tenslon of 30,000,000
PeS.i. was obtalned from tests of the coupon cui from
the same plece as the rod, Using a 10 inch gage length
the modulus of elasticity in shesr was found to be
10,100,000 p.s.l.

At different times the gages were attached at the
quarter-polnt and at the center, The load, the maximum
of which was slightly over 83 1lbs,, was placed at various
polnts along the length of the rod and observations made.
The results of these tests are shown in Figs, 5, 6, 8
and 9, The gages were also placed ss neayr the support
as posselible and the results of the observations are
shown in Fig, 15 (a) and (b),

The rod was laster cut to form a subtended arc of
144° and then tested., The results of the tests are
shown in Figs, 10, 11, 1% and 14,
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Curved Rod in Place.



D. Analytical

Tables I, 1T, III and IV indicate the procedure
followed in obtalning information for drawing influence
lines for bending moment, twisting moment and shear for
the curved rod, This information is glven in detuill so
that the form might be followed in the case where the
rod or beam has a non-circular plan, Each half of the
rod was divided into 15 equal sections, The distances
used in the computations were measured to the center of

the sectlons, The values of Mc’ T, and V, recorded 1n

e
Tables III and IV were obtalned by substituting the
proper quantities in equations (30), (31) and (32).
Figures 5, 6, 7, 8 and 9 show influence lines
drawn for bending moment, twisting moment and shear for
an arc of 180°, Figures 10, 11, 12, 13 and 14 show the
influence lines for an arc of 144°, The results of the

tests are plotted in these figures for compsrison with

the theoretlcal values,



*‘—r

TasLe I. COMPUTATIONS OF X AND Y DISTANCES.

X Y
¥ SIN ¥ | COS B |1-COS ¥ . 5\ |- oS3
3° * |0.05234]009863[0.00137 | 0.75893 | 0.01987
9° 0.15643|0.98769 |0.01231 | 2.26824| 0.17850
15° |0.25882|0.06593 [0.03407| 3.75289]| 0.49402
2i° 10.35837]0.93358 |0.06642| 519637 0.96309
27° |0.45399|0.89101 {0.10899 | 6.58286] 1.58036
33° ]0.54464]0.83867 |0.16133 | 7.89728| 2.33929
39° 0.62932]0.77715 |0.22285| 9.12514 | 3.23133
45° |0.70711 |070711 |0.29289|10.25310 | 4.2469!
51° |0.77715 |0.62932]0.37068 | 11.26868| 5.37486
57° [0.83867|0.54464[0.45536[12.16072| 6.60272
63° |0.89101 [0.45399]0.54601 [12.91965| 7.91715
69° |0.93358]0.35837 |0.64163 [13.53691| 9.30364
75° 10.96593|0.25882 |0.74118 |14.00599] 10.7471
81°. |0.98769(0.15643 (0.84357|14.32151 | 12.23177
87° |0.99863[|0.05234{0.94766(14.48014|13.74107
g0° |1.00000{0.00000|1.00000(i4.50000|14.50000




CoOMPUTATIONS OF VALUES

VTAE’LE 1. BENQING MOMENT, TWISTII
RADIUS = i4.5" :;n = —0.2425 C= ";n
n=%c = 1485 20 -4 z428 = 150
8 1—nb 1-Nn .
H | SIN26 | cos 26 X y 5 sin 26| 5 cosze C d
| |0.10453 |-0.99452|0,75893 | 0.01987 |-0.02535|0.24117 {1.OOI33 | |.483€
2 |0.30902 |-0.95106 | 2.26824 | 0.17850 |~0.07494|0.23063| 1.OI187 | 1.473|
3 |0.50000{-0.86603| 3.75289 |0.49402|-0.12125 [0.21001 | 1.03249| 1.452.
4 066913 [-0.74214| 5.19637 |0.96309|-0.16226]0.18021 | 1.06229 | i 422
5 |0.80902(-0.58779| 6.58286|1.58036 |-0.19619 [0.14254|1.09996/| 1.385¢
6 |0.91355 |-0.40674| 7.89728|2.33929(-0.22154[0.09863| 1.14387 | 1. 3411
7 10.97815 [-0.20791 | 9.12514 | 3.23133 |-0.23720|0.05042|1,i9208 | 1.292
8 | 1.00000|-0.0000 |0.253104.2469| [-0.24250|0.00000| 1.24250| 1.242
9 | 0.97815 |[+0.20791|11.26868|5.37486 |-0.23720|-0.05042| 1.29292}| L1921
110 | 0.91355 |+0.40674|12.16072 | 6.60272 |-0.22154-0.09863| 1.34113 | | 14 3¢
1l | 0.80902|+0.58779(12.91965|7.91715 |-0.19619 |~0.14254| 1.38504| 1.099
12 10.66913|+0.74314 13,5360 |9.30364 |-0,.16226 |-0.18021 | 1.42271 | 1082
b3 14.22819 |5—.—-55Vt_
13 | 0.50000/+0.86603 |14.00599 |10.747I| |-0.I12(25 [-0.2(100( | 1.4525| | .032
4 | 0.30002+0.95106 |14.32151 [12.23177 [-0.07494|-0.23063| 1.47313 | 1.0/ 1t
15]0.10453(+0.9945214.48014{13.74107 |-0.02535|-0.24(17 | 1.48367|1.00]
s ' 18.63750]18.637







ONS OF VALUES FOR

INFLUENCE

LINES , —

MOMENT, TWISTING MOMENT, AND SHEAR.
.2425 C= ';n - 12’1 COSs 2o B=xb+gd
2425 d= 'Eh + "’2” cos 2o D=xc+9b
)S 20 C d xb Ljd B D yb x D
117 {1.00133 | 1.48367 |-0.01924 [0.02948|0.01024 |0.75944 [0.00020|0.57636
063| 1.O1187 | 1.47313 |-0.169908|0.26295(0.09297(2.28179 |0.018660 |5.17565
D01 1 1.03249]| 1.45251 |-0.45504|10.7175710.26253{3.81492 |0.12970 |14.31698
5211 1.06229 | 142271 |-0.843(6 |(.37020[0.52704|5.36378 |0.50759|27.87219
254(1.09996| 1.38504 |-1.29149 |2.18886(0.89737|6.93083|1.41817 |4562468
863| 114387 | (34113 |-1.74956(3.13729|1.38773|8 51522 | 3.24630(67.24706
042]1.19208 | 1.29292|-2.16448(4.17785[2.01337 {10.11143 | 6.50586 (92.2662]
000] ).242501|1.24250/|-2.48638|5.27679(2.79041 {11,70960|11.85062 [120.05970
042]1.29292| 1.19206|-2.67293| 6.40726|3 73433|13.29458/20.07i150 [149.81237
)863| 1.34113 [ 114387 [-2.69400755265|4.85856 (148463432 0797 [180.542.18]
254|1.38504|1.09096|-2.532471]6.70855]6.17364 [16.34097[48.87922(211. 11961
021 |1.42271]1.06229(-2.19650|9.88316|7.68666[17.74949|71.51392(240.27325
14.22619 |15.5916 | 30.43505/|111.71839 |I96 21939 |1154.66626)
00! |1.4525] | 103240 |-169623[11.09626]9.39605|19.04075(101 00166 |266 66455
3063 1.47313 | 1.01187 |-1.0732512.37696(11.30371|20.18080/138.26438(289.01953
L17 | 1.48367| 1.LOOI33 |-0.36707[13.75935(13.39228|21.1354 | [1864.02426|306.04370
186,63750 15.63750 ©4.529009(172,07535[619 50991 [2016.63604







TasLe 1L (CONTINUED)..

Loap AT |

% um my. My b MyC | MeD | myo m,, d my, B

| Q. O.

2 -1.5093] -0.15863 Q. 11311 -1.52723 |-3.44393 0.01i189 -0.23368 | -0.0§{475
3 -2.993906 [—-0.47415 0.36302 |-3.09i23 |-11.42172 0.05749 |[-0.68871 |-0.12448
4 -4.43744 1-0.94322 O0.72002 |-4.71385 [{~-23.80145] 0.15305 |-1.34193 |-0.4971l

S -5.82393 |[-1.56049 1.14260 |-6.400609{-40.36467] 0.30615 -2.16134 |-1.40034
6 -7.13835 —-2.31942 1.58143 |-8.16534 [~-60.78462| O.51384 [-3.11064 |-3,21873
7 -8.3062) -3.21140 198447 |—-9.97319 |-84.59435| O.76176 -415216 |[—-6.46586
8 ~9.49417 |-4.22704| 2.30234{—-11.79651 |-111.17293 1.02506 |-5.25210 {~11.79517
9 -{0.50975 |-5.25499 2.49291 |-13.58827|-139.7227| 1.27020 |-6.38358 |[-{9.99730
1O |-11.40179 |—-6.58285 2.525951-15.29128 |-169.27485| 1.45836 |~-7.52992 |-31.98317
i1 —12.16072 |-7.89728 2.38581 |-16.84308|-198.71796 1.54937 |~-8.68669(-48.75654
12 |-12.77798|-9.28377 2.07336|-18.17936 |-226.80263! 1.50638 |[—-9.86206|[-71.36118

=z 17.68502 (-109.57543-1070.10182 | 861355 |-49.40281|-195.61463
19 |-13.24706 |~-10.72724 1.6062( -19.24149|-252.23396] [.30068 |-11.07577 |-100.81514
14 [-13.56258{-12.21190 1.01638 |-19.97944)-273.7037i 0.91516 |-12.356866|-138.03978
15 [-13.72121 |-13.72120 0.34783 |-20.35775/|-290.00340| 0.34783 [-13.73945 [|-183.75815
> 20.65544|-169.154 1) [-1886.04289} 1}1.17722 |-86.57489 [-618.22770

- 9¢



Tasre 1T (CONﬂNUED)

Loap AT 2
a | omy My, mb | mc | mD | mypb | md my, B
! O. o
2 O. 0.
3 -1.48465 |-031552 | 0.18001! |-1.53289(-5.66382| 003826 |-0.45830|-0.08283
4 -292813 [-0.78459]0.47512 |-3.11052 [|-15.70585| 0.127 31 -1.11624 | -0.41351
5 ~4.31462 |-1.40186! 0.84649|-4.7459{ |-29.90390| 0.27503 |~-1.94163 |-1.25799
6 |-562904{-2.16079| 1.24706(~-6.43889(-4793251| 0.47870 |-2.89790|-2.99859
7 ~6.85690|-3.05283| 1.62646 |-8.17397 |{~69.33306| 0.72413 |-3.94706|-6.14648
8 |-798486{-4.00841| 1.93633 {—-9.92119 |-93.49952[{ 0.966359 |~-5.05500-11.35253
9 |-9.00044|-5.190636| 2.13490|-11.63685 [-119.65707] 1.23258 |-6.19448]|-19.40492
10 [|~-9.89248(-6.42422| 219158 |-13.26710 [~-146.86712| 1.42322 |-7.34847 |-3)1.2124¢6
Il |~10.65141 |-7.73865 | 2.08970|-14.752063[-174.05437| 1.518235 -8.5122!\ (-4777719
12 |-i1.26867{-9.12514 1.82845|-16.03205/-200.01315| 1.48065 |-9.69354(-70.14{85
2 14.55€610|-89.612001-902.63037( 8.28472 |-47(6483|-190.78835
13 |-11.73775 [-10.56 861 1.42320{-1704920|-223.49556] 1.28144 —-10.91198 |-99.32433
14 |-12.053271]-12.05327| 0.90327|-17.75603 |-243.24463| 0.90327 |-12.19634|-136.24667
15 |-12.21190 {-13.56257| ©.30957|-18.11843 [-258.10351 | 0.343861{ |-13.58001|-181.65373
> 17.1921 4 |-142.53566-1627.47407| |10.8132 4 |-83.65370|-607.99308

_AQ-



TasrLe 1T (CONTINUED).

g | my My, mb | mM.C m.D | Myb | mMyd m, B

! o. 0.

2 o. o.

3 0. Q.

4 |—-144348|-0.46907| 0.23422|-1.53339 |-7.74251 [ 0.07611 |-0.66735|-0.24722
5 |-2.82997 |-1.08634| 0.55521|-3.11285 |~19.61404| 0.21313 |[-1.50462|-097485
© [-414439 |-1.84527| 0.91815 |-4.74064 |~-35.29039| 0.40880[~-2.47475|-2.56074
7 |-5.37225 |{-2.73731 | 1.27430 |-6.40415 |~-54.32113 | 0.64929 |[-3.53912 |{-5.51122
8 [-6.50021 |-3.75289] 1.57630 |-8.07651 |-76.11486| 0.91008 {-466297|-10.47210
o |-751579{-4.88084| 1.78275 |-9.71732 |~99.91927| |.15774 |-581835 |[-18.220667
10 {-8.40783|-6.10870] 1.86267 |-11.27599/|-124.82550| 1.35332 [-6.98756[|-29.67949
Il |-9.16676 [-7.42313 | 1.79843|-12.69633(|-149.79375| 1 45634 |-8.16515 |-45.82922
12 {-9.78402|{-8.80962| 1.58756 |-13.91982}-173.66137| 1.42945 |-9.35837}-67.71655
z 11.58959 |-71.47700(~741.28282| 765420 |-43.17824[-181.21806
13 |-10.25310 |-10.25309| 1.24319 |-14.89273|-19522671| .24 319 |-10.58G21 |-96.35905
14 |-10.56862|-11.73775| ©0.79201] |-15 56895|-213.28321| 0.87963 [~11.87708]-132.68012
15 |-10.72725|-13.24705| 0.27194 |-1591570 |-226.72483| 0.33581 |-13.26467|-177.40820

’ 13.89673 {-117.85438/-1376.51757|10.11289 |-78.90620{-587.66 54

—89—



LoAaD AT 4

TasLe IL (CONTINUED).

@ m,. My, m, b m, ¢ m,D | myb m, d m, B

i O. 0

2 o. 0.

3 Q. Q

4 O. O. .

5 |[-1.38649 |-0.61727 | 0.27202 |-1.52508 |~9.60953 | 0.i211{0 |-0.85494 |-0.55392
6 |-2.70091 {-1.37020| 0.59836 |[-3.08949 |-22.99884| 0.30488 |-1.84566 {~i1.90979
7 |-3.92877 |-2.26824|0.93190 |-4.68341 {-39.72548]| 0.53803 |-2.93265 [-4.56681
8 |-5.05673 |-3.28382| 1.22626 |-6.28299 [-59.21229] 0.79633 {-4.08015 |[~-9.16320
9 [-6.07231 {-4.4(177 | 1.44035 |-7.85101 |(-80.72881 | 1.04647 |-5.25918 |[-16.47501
10 |-6.96435|-563963 | 1.54288 |-9.34010 |-103.39511| 1.24940 [-6.45100 |-27.40048
Hl [~7.72328 |-6.95406| 1.51523 |[-10.69705 [-126.20589| {.36432 |-7.649i9 |-42.93325
12 |[-8.34054-8.34055| 1.35334 |-11.86617 |~148.04033| |.35334 |-8.86008|-64 11097
P2 8.86034 [-55.33530[-589.91628( 6.77387 |-37.93285[-167.11343
13 |-8.80962[-9.78402 | 1.068!17 |~-12.79606(-167.74177| 1.1863] |-10.10190 |-91.95071
14 [-9.12514 [-11.26868 | 0.68384 |[-13.44252 [-184.15263| O.84447 |-11.4Q0244|-127.37789
15 |-9.28377|-12.77798| 0.23534 |-13.77405|-196.21629| 0.32392 [-12.79497 [-171.12629
S 1I0.86769 |-95.34793-1138.02697| 9.i12857 |[-72.23216 |-557.56832




LoaD AT ©

TasrLe 1L (CONTINUED).

% m, m,, m, b m, C m, D | Myb m, d m, &

} 0. Q.

2 O. O.

3 o. o.

4 O. O.

5 0. 0.

S O. O.

-7 -1.22786 [|-0.89204] 0.29125 |-1.46371 ~12.41542 | 0.2iI159 [-1.15334 |-{.79601
8 {-2.35582 {-1.907062 | 0.57129 |-2.9271}1 |-27.58571 | 0.46260 {-2.37022 |-5.32304
o -3.37140 |-3.03557}10.79970 |-4 35895 [-44.82135 | 0.72004 |-3. 6864 |-11.33582
10 -4 26344|-4.26343|0.94452|-5.71783 [-63.29648| 0.94452 |-4.87681 |-20.71413
1 -5.02237|-5.57786({0.98534 |[-6.9561{8 {-8207040] 1.09432 |-6.13542 |-34.43682
12 |-5.63963 "6.96435 0.91509 |-8.02356 (-100.10056| | |3004 |[-7.39816 ~-53.53259
z 4. 50719 |~29.44734|-330.28922: 4.506311 -25. 55259 |-127.13 84}
I3 [~-6.10871 |-8.4QC782]0.74068 {-8.87296|-116.314421] 1.01945 |-8.68B099|-79.01711
14 |~6.42423(-989248|0.48143 |-9.46373 |-129.64610| 0.74134 |-10.00990|-11}.82173
15 |-6.58286 [-1140178 | 0. 16688 |{-976679/-139.13145| 0.28904 |-11.41694 |-152. 69583
> 5.89618 |-57.55082}-7195.38189 | 6.61294 |-55.66042]-470.67308

-07[7-.



Tasre IL (CONTlNUED).

‘é M, My, m, b m, C m, D My b my, d My, B
8 o. o.

9 |-1.01558 |-1.12795 [ 0.24090 |[-1.31306 [-(3.50171 | 0.26755 |-1.3446!| |-4.21214
10 [-1.90762 |-2.3558 0.42261 |-2.55837 [|-28.32118 | 0.5219 ~-2.69474|-11.44584
Il |-2.66655|-3.67024]|0.52315 |-3.69328 |-43.57401|/ 0.72006 |-4.03712 |-22.65947
12 |-3.28381 |-505673|0.53283|-467191 |-58.28595/ 0.8205] |-5.3717| |-38.86936
b 1.71949 [-12.23662 [~-143.68285|/ 2.33003 [-13.44818 |[-77.18681
I3 [~-3.75289 |-6.50020|0.45504 |-545111 |-71.45784]0.78815 |-©.71139 {-61.08920
14 |-406841|-7.98486 | 0.30489|-509330 |-82.10377| 0.59839 |{-B.07964 [-90.25854
15 |~4.22704 |-9.49416 | 010716 [-6.27153 |-89.34022| 0. 24068 [~-2.50679 |-127.14845
= 2.58658 |-29.95256(-386.58468 3.95725 [~37.74600|-355.68300

LoaDp AT 9

o o. 0.

I0 |-0.89204|-1.22786 | 0.19762 [~1.19634 [~13.24353|0.27202 |-1.4045! |-596563
1l |-1.65097 |-2.54229|0.32390|-2.28B066 [-26.97845(0.49877 |-2.79642 |-15.69569
12 |[-2.26823|-3.92878| 0.36804(|-3.22703 [-40.25993|0.63748 [-4.17350 [-30.19920
5 0.88956 |-6.71003 [~80.4819) | 1. 40827 |-8.37443 |-51.86052
13 |-2.73731 |-5.37225 | 0.33190 {-3.97597 |-52.12044| 0.65139 |-5.54679 |-50.48867
14 |-3.05283 |-6.85691 |0.22878 |[-449722 |-61.60855| 0.51386 |-6.93830 [-77.50852
15 |-3.21146 |-8.36621 |0.08141( |-476475 |[-67.87552| 0.21208 |[-8.37734 [12.04263
> 1.53165 |-19.94797 |-262.08042[ 2.78560C [-2923686 |-291.90034

-"[?&..



TasrLe IL (CONTINUED).

Loap aT Il
§ m, my, m, b m, C m, D My, b My, d my, B
1 . o.
12 |-0.61726 |-1.38649 | 0.10016 [-0.87818 [-10.95608 | 0.22497 [-1.47285 |-1065748
b ' 0.10016 |-0.87818 |-10.95605 | 0.22497 |-1.47285 |-10.65748
{3 |-1.08634 |-2.82996 | 0.{3172 |(-1.57792 |~20.68473| 0.34313 [~-2.92(9! [-206.5961]
14 |-1.40186 |-4.31462 | 0.10506 {-2.06512 [-28.29066| 0.32334 [-4.36583 |-48.77121
15 |~-1.56049 |-5.82392 | 0.03956 [-2.31525 [-32.98160| C. 14764 |-5.83167 {-77.99557
s 0.37650 |-6.83647 |-92.91304| 1.03908 |-14.59226[-164.02037
Loap AT 13
13 o. O.
14 |-0.31552 |-1.48466{ 0.02365|-0.46480|-6.36745 | 0.11126 [-1.50228 (-16.78217
iI5 {~0.47415 |-2.99336|/0.01202 |-0.70348 |-10.02135 | 0.07590 |[~2.99794(-40.09595
= 0.03567 |-1.16828 [~16.38880 [ 0.18716 [-4.50022 [-56.87812

av -



Tapre II.

AND TWISTING MOMENT AT

VALUES. OF INFLUENCE ORDIN/

Z pPoiIr
©=45" sine =0.7071l, COS©®=0,707{1, X=10.2
% - point X SiN©®=725007, XCOS 8 =725007, L
X 5in®+ycose = 1025310, xCose -
Unit Load a

c | 2 3 4
M +4.61637 [+423815 |+3.53381 [+2.89045 {+2.3130
M. Sin © +3.26429(+2.99684 |+249879 [+204387 |+1.6355
M. Cos© +3.26429(+2.99684 |+2.49879|+2.04387 |+1.635¢
Ve [+0.47167 |[+0.41597 |+0.3604] |+0.307:
Ve (X Sin®+ yCos ©) +4.83608 |+4.26498(+3.69532 [+3.1513
V(X Cos® -y 5in 8) +2 00314 [+1.76659 |+1.53063 |+1.305:
Te +0.13538 [+0.35000i+0.49622 |[+0.582/
T Sin®© +0.09573|+0.24749(+0.35088(+0.4116
T, Cos® +0.09573/+0.24749|+0.35088 [+0.4116
Mx, ~5.12655 |~9.49417 |-7.98486 [-6.5002]| (-5.056
My, Sin© ~-3.62503|-6.71342 [-5.646(7 |-4.59636|-3.575
My, Cos© ~3.62503|-6.71342 [~5.64617 |-4.59636(-3.575
My, -2.12346|-4.22704(-4.0684 |-3.75289(-3.283
My, Sin © ~1.50152 |-2.98898(-2.8768| |-2.6537 |-2.322
My, Cos© -1.50152 (-2.98898 |~2.87681 |-2.6537| |-2.322
My Left -1.86226 |-1.77375 [-1.51172 |-1.16000Q |-0.699"
T Left -1.14078 |-1.17981 |-1.24853 [-1,28097 |-1.275
My Right -1.86226 |-1.93497 [-201368 |-2.00233 |-1.9274
T: Right -1.14078 |-1.08943 |~0.97969 [~0.864(2 [-0.T4]t







LUENCE ORDINATES FOR BENDING MOMENT

VENT AT POINT ~— ARC

>.70711

]

4

X =10.25310
58 = 725007,

180°,

, Y=4.2409]
ysine =3.00303, Yycos e =3.00303

310, XCOS® - ysSine = 424691

Unit Load at

3 4 6 8 9 i 13
2.89045 |[+2.31306 {+1.36654 |{+0,69739 [+0.46043 [4+0.15553 |+0.02632
204387 |+1.63559 [+0.96629 [+0.49313 |[+0.32557 |+0.10998 [{+0.0186|
204387 {+1.63599 |+0.96629 [+0 49313 |+0.32557 [+0.10998|+0.0186]
0.3604] |+0.30736|+0.21009 {+0.12860 [+0.09493{+0.04305/+0.01198
3.69532 |+3.15139 {+2.15407 [+1. 31855 |+0.97333[|+0.44140(|+0.12283
1.53063 |+1.30533 |+0.89223 |[+0.546(5 [+0.40316 |[+0.18283|+0.05088
'0.49622 [+0.58210 |+0.60767 [+0.49800 ([+0.41460 [+0.23234|+0.07118
.0.35088[|+0.4116| [+0,429069|+0.35214 |+0.29317 |+0.16429[+0.05033
.0.35088|+0.41)16] [+0.42969 |+0.35214 |+0.29317 |+0.16429[+0.05033
' ©.5002| |{~-5.05673(-2.35582 '
4.59636|-3.57566|-166582
.4.59636|-3.57566|-1.66582
.3.75289 (-3 28382 |-1.90762
.2.6537| |~2.32202(-1.34890
-2.65371 |-2.32202|-0.63077
-1.16000 |-0.69909 |[+0.53533 [(+2.16382 |[+1.59207 [+0.71567 [+0.19177
.1,28097 |~1.27567 [-1.11191 |-0.687{4 |-0.43556 |-0.12852 [-0.01916
'2.00233 |-1.92741 [-1.61747 [-1.17756 [-0.94093|-0.49571 |-0.15455
-0.86412 |-0.74i87 |-0.50375 |~-0.29908 |-0.21558 (~0.09144 |-0.01806







TasLe IV.. VALUES OF INFLUENCE ORDINATES

AND TWISTING MOMENT AT

4

e=54" $iNe =0.80902 , CO5©=0.58779, X= 852296 ,
z-Point  xsine=e89525, xcose =500971, Yysine
X SinN & + ycos e = 8.52296 , X COs®e - ysin
— Unit Load at

C | 2 N 4
N +3.92595 |+3.54795(+285796 [+2.24283 [+]170652
M. Sin© 3.17617 287036 231215 1.81449 | 1.38061
M¢ Cos O 2.30763| 2.08545, 1.67988| (.3183} | 1.OO30,
Ve 0.46598| 0.39861 | 0.33322] 0,2710¢
V.(XSin©®+ (yCos®) 397153 | 339734 284002| 2.3104"
V.(xCos® -ys5in®) 1.29040| 1.10383 | 092276| 0.7506
T, 0.10755 | 0.26762| 0.36255| 0.4025
T Sin® 0.08701| 0.21651 | ©0.29331| 0.3256
T. Cos®© 0.06322| O 15730| 021310 | 0.2365
My, ~4.26148 |-7.76403|-6.25472|-4.77007 |-3.3265
My, Sin © -344762|-6.28126 |-506019 |~-3.85908 [-2.69/2
My, Co5 6 -2 50486|-4.56362|-3.67646 -2.80380|-1.9553
My, -1.38461 |-2.74934 (-2 59071 |-2.27519 {~! 806G
My, S5in© ~1 12018 |-2 22427 [-2.09594|-1.84067 [-1.4611¢
My, Cos© ~0.81386 |-1.61603 [-1.52279[-1.33733 |-1.0616:
M;: Left -1.08531[-0.99218 |-0.71619 |-0.32880 |+0.174T
Ty beft 103229510, 98987170.98608 103846317 9:932¢
My Right -1.08531 {~1.16439 |~ 24249 (-1.23863 |-1.1663
Ti Right |-092295|-0.88206|-0.79256 |-0.68886|-0 5780
ﬂ“/L_Of‘ circular arcs X $/ne +ycose =x and xcose-ySsme =y. Corr






" INFLUENCE ORODINATES FOR BENDING MOMENT

MOMENT AT — POINT ™ ARC (44°
50 =0.58779, X=8.52296, Y=27692|
XCOsS © =50097t, YSiNe =224035, YcosO®= (6277
3.52296, XCOS© -ysSine=27692) *
Unit Load at

2 3 4 | © 8 o X
285796 |[+2.24283 |+170652 |[+0.87447 |+0.34813 {+0.1863| |+0.02295
2.31215 | 1.81449 | 1.38061 | 0.70746 | 0.28164 | 0.15073 | 0.01857
l.e7988 | 1.31831 | 1.L00308| 0.51400 | 0.20463| 0.{0951 | 0.01349
0.3986H| 0.33322| 0.27108 | 0.16116 0.07663| 0.04557| 0.00733
339734 284002| 2.31040| 1.37356 | 0.6531) | 0.38839| 0.06247
110383 | 092276| O.75068| 0.44629| 021220| 0.12619 | 0.02030
0.26762| 0.36255| 0.40250| 0.36030| 0.22653| 0.15107 | 0.0297)
0.21651 | 0.2933)| 0.32563| 0.29149| 0.18327 | 0.12222| 0.02404
015730 0.21310 | 0.23659| 0.21178 | 0.13315| 0.08880| 0.01746
©.25472|-4.77007 [-3.32659(~-0.62568
506019 {-3.85908 [-2.69I128 |-0.50619
3.67646|-2.680380|~1.95534|-0.36777
2 59071 |-2.27519 |-1 BOGIZ |-0.42992
209594 |-1.84067 |-1.46119 |-0.3478|
1.52279|-1.33733 [-1.06162 |-0.25270
071619 |-032880|+0.17470 |+1.5339| [+1.06790 [+0.62792 [+0.09850
0.98668 |~-0.98463 |-0.03398|-0.64884 |-0.233506 |-0.11348 -c;oocng:
24249 |-1.236863 |-1.16G38 |-0.87788 |-0.50462 |-0.32646|-006136
0.79256 |-0.68886 |-0.57803 [-0.35920 |-0.17570 |-0.10554 |-0.01723

7 xcos@-ysSine=y. Correc’ only 1o Frve s/'jn/'z“/'canf f/yw‘es.
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C. Discussion

In general, the test results on the rod showed close
agreement with the analysis, TFor the 180° erc the rela=~
tively high experimentul values for bending moment at ¢
and at the quurter-point were probably due to the ends of
the rod not being perfectly fixed., Other slight dia-
crepancles may be explained by the fact that the rod was
cold bent, was not turned in a lathe to a perfect cir-
cular scction, and had mill scale on it except at the

points of fastenlng the gages,
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V. ANALYSIS OF CIRCULAR-ARC CURVED BEAM OF I-FORM

A, General

Because of the shape of its cross-section the curved
beam of I-form must have special treatment, It 1s a re-
cognized fact (8) that when an I-beam 1s fixed at its
ends and then twlsted, direct stresses are produced in
the edges of the beam, These atresses are caused by
each flange actlng as a beam, The bending moments in-
duced in the top and bottom flanges by twisting are equal
but of opposite signs,

In the case of a curved I-beam flxed at 1ts ends
thls stress becomes of primﬁry importance, It was
found that it might be as much as seven times as great
a3 the stress the deslgner would ordinarily compute due
to the bending moment about the ma jor axis of the I-beam,
The redeeming feature of thls condition 1s that the
stresses caused by these induced bending moments are of
2 localized nature and the signs of these stresses are

the same at disgonally opposite corners of the I-beam,
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Since this 1s true one finds that the stress due to twist-
ing may be either added to or subtracted from what we
might call the ordinary bending stress.,

The analysis used here ig essentially that of
Unold (14), but in this chapter the principles of ana-
lysis are extended to include non-symmetrical concen-
trated loads, The origin of coordinates is taken at the
applied load, This means that the origin varles according
to the position of the load,

B, DNotation

The following notation 1s used in Chapters V and
VI

v displacement'of center line of top flange in
circumferential dlrectlon; posltive when move~-
ment is toward the orilgin,

2 dlsplacement of center line of top flange in
radial direction, positive for outward movement,

vy displacement of axls of I-beam in vertical
directlion; positive for upward movement.

M bending moment at any section of I~beam; positilve
for compression In top flange,

T twisting moment developing shearing stresses on



- 59 -

I-beam; positive as shown in Fig. 16,

V  vertlcul shear at any section; poslitive as shown
in Fig. 16,

QHZ bending moment in flange induced by twiast of
I-beam; positive for compression on the inside
of the top flange,

¥ shear accompanying‘?? .

e angle of twilst per unit length of I-beanm,

r radius of curved I-beam.

X distance along axis of I~beam,

B modulus of elastlclty of I«beam,

P concentrated load on I-beam,

a one~half the depth of the beam,

I moment of inertia of the I-beam about the

horizontal axls,
Io_p moment of inertla of the I-beam about the
vertical axils,
H  one-half of I, o.
modulus of elasticlty of I-beam in shear.
K torsion constant, comparable to the polsr moment
of inertia for circular sectilons,

Cqs Cp, etc. and Dy, Dy, ete., constants of integration,

The derivatives of functions such as M, y, z, etc.
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with respect to g are indicated by use of primes, eg.

2 3
am _ . &z aty . .
dﬁ - ’ d'dz Z dﬁ = v y €TC.

The sense of the moment when represented by an
arrow-head on a vector is such as to dlrect the arrow-
head away from the plane of the couple in the direction

from whlch the rotation appears counter-clockwise,

C. Assumptions

The followlng assumptlons are made:

1. Hooke's law applies,
2. The ends of the beam are fixed.

5, Angular deflections are small compared with the

dimenaions of the beam,

4, H is the moment of inertia of one flange about

the verticel axis of the beam,
&, The transverse shear 1ln each flange may he con-

sldered to amct along the outslde edge of the flange,

D, Derivetion

Filgure 16 shows a portion of a curved I-beam with
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-~

Note:
O /mdicartes V acts downr
® /ndicares V acts up

Fre. /6. Forces AcTinG on ELEMENTAL

LencTH oF I-Beamnm.



the forces acting thereon, The beam 1is assumed to be
loaded with e single concentrated load,

Then from

Il

2. Vertical Forces 0 1s obtained

dv = 0, SV constant

]

oments about the 1line & gilve
ZH, =0
T4+ U 2a — (P +d7) — (P +a% ) 2a — (M + aN) @ = O
Neglecting differentials higher than the first degree
Mag + aT + a* 2a =0
M+t 4 W ga =0 (37)
Moments about the 11ne/6 give
ZM(,=0

M — (M 4 daM) + (T + d7) dg + (V¥ + 4av* ) 2aaf
~(V 4+ dVv) dx = 0

Since dx = rdg
M +F 22— VUp= 0 (38)

The coordinates at one point and at a distance

dx = rdd from this point are in the case of displace=
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ments expressed by

Ty V

(See

y 2 and vy + dy, v + dv, z ++ Gz,
Now
-— @236._5\ 2,
v=agr = E% ==Y (39)
Plg, 17).

The mlddle flber of the upper flange shortens from

the original length by a distence

Adx

et I

=V 4+ @V = v = (v + z) dF + rdg = dv — zdg

Therefore the unlt strain 1is

|
A dx -
dx dx dx rdd T

The corresponding bending moment 1is

(EE) I EL

ar

M= (v' - 2) (40)
The angle of twist, d8 , between the cross-section

and the cross=~sectlon at II may be obtalned by

considering the displacements on the center line of the

top flange., (¥Figs, 17 and 18), The relative radial dis-

placement between polints 1 and 2, which are a dlstance dx

apart, isa ads . Then



[

POV TP

Fre. 17. DisPLAcCEmMENTS v, ¥ AND 2.
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dé-ydé + dz

Flg. 18, Relative Dlsplace~
ments of points 1l and 2.

I,
Let = =H, Then from the formula® for the

i

P i<

t
2
+ -
a

end the rotation per

unit length 1s

N eyl eeweease T, wma

Let

q = = then

$ 1
— TS e e -
- 3 o

BEI
T=4+(v 4 2) ar 4

(41)

relatlon between change in curvature and bending moment

in the case of curved beams, we have for the bending

moment on the top flange

— e GANA T et W0 epe  veme G  Mead el

% For derlvation see Appendix A.



- 66 -

Y = — (o + 5
T tax® | pf
or

97?:-%% (z" + 2) (42)

The relation between‘aﬁ
and % may be found by

\
)
| *\jan+d97 taking moments sbout the
PP
ﬁ”?<2 o \\ vertical axlis through A

shown in Fig, 19.
Fig, 19. 777 enda &,

%;, AM = - (F 4 a ) ax = 0
a9 = F ax = P rag or

r (43)

The equations (37) to (43) form a system of simule-
taneous differential equations between the variable g
and the terms y, v, &, V, M, T, sna T*%, 1t 1s
desiratle to obtaln a differentlal equation contalning
only # und .

Ffom equations (39) and (40) we have
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ET a
M= (v~ g) Pyl o gy - z) =

\W - .?—r_.tﬂ

go 2
=57 EI

‘ 1)
- %% M (44)

a n
Z =
T Y

From equations (39) and (41) we obtain

1 BT a v, BT
= + ——— - -— + —e———s
T= +(v z)arq +(ry z)arq
t_ ar - E !
R (45)

Equeting equatlons (44) and (45) and solving for T

a ar ' _ ar B8
r Y "M T E TR

EI { 11] \
T=-;%(y+.v ) — Mg (46)
Now

{

L+ =?& = - = ( "

r r

o i

pd P EI r EI
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. EHa , w 5 Ha \
U =- —"~r4 (v * Y( )) + TP M e u ) (47)

Trom equations (37) and (38)

i
M o+ T\ & v 2a = 0
1 \ ] }
«-M+T &« FRa-Vr=20

M+ ¢+ Ve =0

Since V = a constant, V.= 0  and

moe M =0 (48)

Rewriting equation (47)

V=~ %%5 (v" + v (49)

Equation (37)
{
M+ & 2%28 =0

Substituting for ' (derivative of equation (46) )
and W (derivative of equation (49) ) we obtaln

(]
LT " 2EHa*
m+ = (7" e y") - ta - B (3"« 38y =0 (50)



Differentiating equation (50) twlce we have

. .y
M+ El% (y"+ 7= u"q - gg%g_ (708 % 38)y 2 ¢
r r

Adding equations (50) and (51) and noting

M+ M - 0 we have

-—-T":g (v" + 2y
EXI 2E1-1a2 A
Let —=—=A, =B nd A‘/: =/ then
e r B
(',Y'“ + 2_ynll N _y(@)) A - (,ynu . 2_y(6) + y(8) ) B =0

The solution of equation (53) is

¥ = Oy + Cof + Cyoinhpd + Cycoshyg + Cgsing + Cgeosg

+ Cpfgsing + Cgfcosg

2F 2 b
wy y(8)) - manza (7" 258 4 320

(61)

(52)

(53)

(54)
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[ he Jollowing 15 o Summeary of /he egualions
wsed 1 aelerminmng he Constants or inlegroltron

Y =G+ F +C Sinhpg + € Coshpf +C5in ¢ +C COSY+C,p Sing #Cy ¢ Cos @

Y B #C, 0 COSH PP +C p SInlo PP tC.cosd-C Sind £C, (Sin@r+Pcosd) +CqlCos@-@ sing)

25//##2)
/*g

7= ("o e 72ty ey ) = (G cosg-Cusing]

T =Ary'+y" —/\7% = A[C, G, pri+rpY cosh p@ #G P0142%) SinhpP~ G250 ¢

z@/m/’)
—CGZCOJ¢_/7‘ /—:—,;-'—'?/876/”;”7‘CC05¢_/

8, .
LYy Ty =~ [J/o’//fp 2 coshpp +C B 1Y Sint pd +C, ZJ‘//’I¢~/~CZC‘0J s/
P77 =~ ‘;,—g-’"/y *y")=- zg’[cj PUA)SInb PP +C pitrk0%) Coshpp - Czcos @46z sing]

V' = 2(-M 2 T+ eal =F[d iy vy )= By ey "I+Aly vy 1-Bly s ¢ 7))
- 9r¢,-4e,

z=2y-En
= “/C P55l ppt G pcosh oy ~Co5in B -G cosB#Cy (2cosp-Psing)

. 28arcr#P Y
Fl2sing-peosp )]~ (G cosp-G g/

Z'= g@,a’cos/i,o,é+q,o3\sth; PP ~C.cos @ +C Sind +C,/-3Smd-gcosd)

2B arcreY ) 5
/&‘,5//%&‘(8 cos@/

+G (3Cosp +Bsind)] + TEgIET



The necessary boundary conditlons for determining
the conatants of integratlion are tabulated below, The

origin 1s to be taken under the load and g 1is positive,

meagured in elther direction,

When g=« 4= =0
v - o -0 %=1
y': 0 y‘= 0 V. o+ Ws= P
z =0 z =0 Vo= Y,
z' = 0 z'= 0 _; = - yg
Z, = 2p
z, = = z;
T =N,

My = M,

The constants of Integration are designated as

C for the < segment end D for the /2 segment.

The necessary boundary conditions for determining
the constants of Integration In the cnse of symmetrical

loading, 1.e., for o=43 , ere
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when = = Q0
=P
= 0 V"z
v = 0 T =0 or %<0
Z=O ‘y":
Z‘=O Z|-'—'

After the constants of lntegration are determined
by the solution of simultaneous equations, the constants
should be substituted in the equatlon for the particular
functlion desired, The constants of 1htegration are
expreased in terms of the load P,

In the determlnation of the outer fiber stress the

bending moment M is substituted in the flexure formula,

3) = %2, and the bending moment 7 1s substituted in the

flexure formula, S, = fZ%fi_’ where b 1s one-~half the

width of the flange. The unlt stress in the outer fiber

1a then 8= Sli SB .
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VI, EXPERIMENIS ON AN I-BEAN DBEWT TO0 A SEMI-CIRCLE.

A, General

For the purpose of comparison of the analyails de-
veloped in Chapter V with experimental values the strains,
deflections and rotatlions were measured on & 6 inch 12,5
1b, American Standard I-beam, bent in the shape of a
semi~clrcle about the vertical axis with a 6 foot radius,

Pigure 20 13 a general view of the experimentsl set-up.

B. Materials

Since the I-beam was bent cold 1t had initial
stresses and more or less permanent set, HoweVef, the
beam was not tested until one year after the cold bending,
and.it is possible that some sort of recovery had taken
place in the interim, ILater the beam was anmealed and
tested agnin,

The modulug of elasticity in tenslon and shear

wvere determined from coupons cut from an 18 inch length
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of I~-beam from the same stock length es the curved beam,

C. Constants

The constants necessary for the enalysis of this
I-beam are listed below. The values of E and G were de-
termined from coupons from the beam, The values I, H
and & may be found in any steeluhandbook. The value of
K was taken from the Bethlehem Manual of Steel Con-
struction and was also checked by the membrane anslogy,

The beam was bent to the pradiuvs r.

E 28 300 000 1lbs, per sq, in,
G 11 750 000 lbs, per sq. in.
K 0,171 inches*
I 2.8 inches?

H 0,9 inches?
a 3 inches

r 72 inches

The constants of integration are glven in Table V,
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TAasLe .

CoNsTANTS OF INTEGRATION

in TERMmS oF P To BE uUsep In EQuaTion(54).

CONSTANT| <=90°, #=90" | x= 75", B8=105"| x=45", =135
c, -0.0480812 -0.0433519 -0.0166528
c, +0.0928224 |+0.12440] +0.170947
C, ~0.0000347487|-0.0000355729{-0.0000429580
C. +0.000034330 |[+0.0000338351(+0.0000265369
Cs -0.137345 ~0.186165 -0.255516
C. +0.0464008 [(+0.0419313 [+0.0163286
c, +0.02540I3 {+0.0226310 [+0.00788787
Co +0.0446281 |+0.0628516 [+0.0855084
D, -0.0433519 [-0.0166528
0, +0.0613636 [+0.0148180
D, - 0.0000339245/-0.0000265394
0. +0.0000338351 [+0.0000265369
D, -0.0885249 [-0.0191737
D, +0.0419313 +0.0163286
D, +0.0226310 +0.00788787

+0.0264047

+0.003747865
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D. Method of Procedure

The beam was clamped into position, as shown in
Pipg. 20, between two 12 1inch wide flenge sections which
in turn rested on two other 12 inch beams, ‘The 4 foot
straight ends of the curved beam were anchored so as
to prevent, as much as possible, any rotation of the
supporting beams, This was to simulate fixed-end con-
ditions,

The load wes applled direct to the beam through a
quarter-inch square steel bar 1 inch long, running
tangential to the curve of the beam, A dynamometer con-
sisting of a single spring, turnbuckle, and 5536 inch
dial was used to apply the load to the beam,

The beam was loaded at the center, at <= 75°
and at &= 45° An initial load of about 125 1bs. was
placed on the beam for the zero readings, The load was
then increased 500 1bs, in 100 1lb, increments, In all
cases at least one check test was run,

Huggenberger tensometers were used for measuring
strains at the edges of the beam, es shown in Fig. 21,
These strains were produced by comblnations of the bend-

ing moments M and 7% .



Flg., 21. Huggenberger Tensometers in Place.
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A clinometer or level bar bullt to measure the change
in relatlve altitude of two polints 8 inches apart was
ugsed to messure rotation of the beam and also of the sup~
ports. One~half inch square steel bars were attached to
the top and botbtom flanges of the I~-beam in groups of four
at 9 different positlons along the beam, as shown in Fig,
20, The changes of altitude of two points elght inches
epart on each bar were measured and in this way the
emount of twlst of the beam was obtalned, These ohserva-
tions were corrected for the slight rotation observed at

the supports,
1

To measure the deflections inch dlals were
attached, one at each of the supports and one at the
center of the beam, The plungers of the dials wmade con-
tact with plate glass which was supported by the floor.
Corrections were made for deflectlon end rotation at the
gsupports in determining the deflectlon at the center of

the beam,

E, Annealing of I-Beam,

After the first serles of tests the I~beam was
annealed and the tests repeated, The annealing was done

in the foundry at Iowa State College, A klln of fire
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brick was bullt around the beam, Openings were left for
gas and alr nogzles and also for inserting a pyrometer
for temperature readings, The beam was heated uniformly
to 2 temperature of about 1538° F, and held at this
temperature for two hours, The burners were then shut

off and foundry sand piled on the k¥iln, The beem was left
this way to cool for 20 hours, Durlng the annealing and
subsequent handling of the beam the diameter at the sup~
port deoreassed 13} inches. TFigure 22 shows a general view

during the annealing of the beam,

Fe Results

The results of the tests are shown in Figs, 23 to
40, inclusive., The stresses 1in the edge of the beam
(rig. 21) are designated as follows: for the top flange
T 1s used, for the bottom flange B, for the inside
edge I =and for the outside edge 0. The top oubslde
edge of the flange 1s then designated as TO and the
bottom inslde edge as BI.

Plgures 23 to 34, 1nclusive, show the theoretloal
stress along the edge of the beam for loads at or= 90°,

o= 75° and o=45°, The stress 1s shown for the beam
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Iy f

General View Durling Annealing of Beam.

Fig. 22.
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developed into a straight line, The experimental values
for both before and after annealing the beam are also
shown, There 1s very close agreement between the analy=-
tical and experimental values, and 1t seems to make little
difference whether the beam was annealed or unannealed,
However, there was one dlfference noticed during the
teasting., Whlle testing the annealed beam the experimen=-
tal results could be reproduced exactly each time, but
with the unannealed beam the check tests in most instaences
varled slightly from the first readings, This was prob-
ably due to the initlal stresses existing in the beam,
It will be notilced that there is a rapld increase
in stresas as one anproaches the support, This stress
even though 1t reached the yield point of the material
would probably do little, 1f any, damage inasmuch as it
1s of a locelized nature., If the material did yield
the vertical deflection would naturally be increased,
Plgures 35, 36 and 37 show the values of Zy
the radial displacement of the top flange., The experi-
mental values are greater than the theoretical, This
can be explalned by the fact that the flanges of the
beam had been warped slightly during the original bend-
ing; that the beam welghed 12,4 1bs, per foot instead
of 12,5 lbs.; and, thet in the bending of the beam the
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bulldozer altered the sectlon at various points along the
flanges, as can be seen in Fig. 21, In addition to this
the sectlion of the beam was reduced at varlious points by
holes which were tapped 1/8 inch in diameter and 3/16
inch deep. Thils was necessary in order to fasten the
clinometer bars, All these factors tend to increase the
rotation and deflection of the beam over the theoretical
values,

Flgures 38, 39 and 40 show curves for twisting
moment along the beam, The experimentsl values were
obtalned by using the difference in rotation of two bars
placed 2% inches apart and from this rotation the angle
of twlst wes determined., The twisting moment was com-
puted by multiplyilng the angle of twlst by the torsional
rigidity and dividing by the dlatance bepween the bars,
In other words, the experimental value for twilstling moment
is teken as the product of the angle of twilst per unit
length of beam and the torsional rigidity, The experi-
mental values are not in as close agreement with the
theoretical values as might be desirable, One reason
for these dilscrepancles 1s that the differences in
readlngs were small for large rendings of the clinometer,
Large readlings of the clinometer are likely to be in

error, since the legs of the cllinometer are rigid and



are perpendicular to its length, A difference between
the zero readlng and the one taken after the maximum
loading, amount to 0,5 or 0.4 of an inch, 1s consldered
large. It will be noted that the theoretical values

of T are zero at the supports. Since the beam

was firmly clamped at the supports the twigting tendency
at the ends was absorbed by the.flanges of the beam
acting as short cuantllevers, The total twisting moment
at these points is equal to the shear 2* times the
depth of the beam 2a,-:

For the load at of=75° mensurements of strains,
30° from the load on the < segment, were made on the
top and bottom flanges along four intersecting gage lines
each making an angle of 45° with the adjacent one, The
unit shearing stress determined from the readings was
7510 p.,s.,i. 'The computed unit shearing stress at this
point was 5390 p.s.i. The computed value was mode up of
two parts, one due to the pure torsion T and the
other due to the flange shear <%, A unit shearing
stress of 5120 p.s.l, in the flange was computed for T
by the method of Lyse and Johnston (8) and a unilt
shearing stress of 270 p.s.l. was computed due to the
shear %,

Table VI gives the derlectlons et the center
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of the beam, It wlll be seen that the annealing of the
beam reduced the deflectlons slightly, The measured de-
flectlons were greater than the theoretical values, This
may be explained by tho following facts; the flanges of
the beam had been slightly warped during the original
bending; the beam was 0,1 1b, lighter than its nominal
welght; the flanges were reduced in width by the bull-
dozer; at certaln points along the beam the sectlion was
feduced by the holes which 1t was nocessary to tap in order
to fasten the clinometer bars; and, compression on the sup-
porting beams would tend to increase the measured defloc-
tion,

In Appendlx B are discussed the theoretical stresses
in the outer fibhers and center fiber of the flanges for
quarter-point loads, TLoads of 200 1lbs, were placed on the

beam spaced at 45 degrees.

Table VI, Deflections of Center of Beam Due to
a Load of 500 pounds,

Deflection in Inches
Before After
oK Calculated| Annealing Annealing
90° 0,82 1,17 1.08
75° 0.74 0.93 0.89
45° 0.28 0.36 0.56
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VII. CONCLUSIONS

Analysis of Curved Beam by Method of Work Involving

1,

5.

Only Bending Moment, Twlating Moment and

Shear, with Tests on a Curved Rod.

This analysia may be used for beams of circular
cross-sectlon or of such cross sections that little
or no bending moment is induced in planes parallel
to the plane of the axls of the beam when the beam
is twisted,

This analysis may be used for a horizontally curved
beam of any plan,

This analysis may be used for unsymmetrical loads,
The computed bending stresses ere In close agreement
with the experimental values in the case of a round
steel rod used as a ourved beam and loaded per-
pendlcularly to the plane of its axis,

The computed twisting moments are in close agree-

" went with the experimental values,
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Analvsls of the Clrcular-~Arc Eeam of I-form and

4.

Tests on the I-leam.

The analysis gilven 1s sétisfactory for computing
stresses ln a clrcular~arc beam of I-form,

This analysis may be used in the case of any clr-
cular-arc fixed-end beam of I-form. To determine
the constants of lntegration 1t ls necessary to
substlitute the boundary condltions for the particu-
lar case in the equations on page 70 and solve the
equatlons simultaneously.

Relatively hligh stresses occur near and at the
flxed ends of a circular-arc curved hoam of I-form.
The twisting moment produclng pure torsion 1s zero
at the supports,

The measured deflections of the I-beam are 20 to

45 percent greater than the theoretlceal values.

These relatively large dlscrepancies may be accounted

for by calling sttention to the fact that about
96 percent of the deflection 18 due to the twistling
of the heam. The irregularitlies of this particular
beam have a greater influence on the deflectlions

due to twisting'than the deflectlons due to bendling.
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6., The computed stresses 1n the outer flbers are in
very close agrecment with the experimental values.

7. The experimental values of twlsting moment pro-
ducing pure torsion are in close agreement with the
computed values, wlth the exceptlon of a few values
which were higher than the computed values.

8., Upon comparing the beam in the annealed conditlon
with the beam 1ln the unannealed condition 1t is
noted that there is very slight difference in the
observed readlngs for strain on the outer flbers,

9., In the case of check tests on the annealed beam
the readings could be duplicated while for the beam
in the unannealed condition they were slightly
erratic, This would indicate that in the case of
the annealed beam there was more uniformity in
material structure,

10. The analysls shows that for quarter-point lcads the
stresa at the supports due to the bendlng mament
alone has a ratlo to the outer fiber stress of about
1 to 7.

1l. The working stress for the outer fibers can prob-
ably be taken just bhelow the yleld polnt of the
material wlthout serious damage except that the

deflectlon might be excessive,
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VIII. SUMMARY

Two analyses of the curved beam are presented hore,
The first analysls 1s developed by the method of work
and involves only bending moment, twisting moment and
shear, The beam may have any plan form, loaded with con-
centrated loads or distributed loads, and must have
such & cross~section that there 1s litile or no bending
moment induced 1in planes parallel to the plane of the
axlas of the beam when the beam ls twilsted, The second
analysis pertalns to a beam of I-form with & clreular-
- arc plan loaded with a single concentrated load,
Experiments were conducted in order that a comparison
might be made wlth the theoretic results, Accompanyling
the first analysis are the results of tests made of a 3/4
inch round steel rod bent into & circular-arc of 14% inch
radius, For compsrison with the second analysis are
the results of tests on a 6 inch 12,5 1lb. Americen Stan-
dard I-beam bent in & semi-circle to a radius of 6 feet.
The experimental resuita for the bsam bent cold are glven
together with the experimental results for the beam in the

annealed condition,
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APPENDIX A

Derivation of the Expression of the Relatlion Between

Change in Curvature and Bending Moment

In the Case of Curved Rods,

The followlng 1s.the derlvatlon of the expression
for the vYending moment (?%7 ) in the flange due to the
change in the, curvature of the axls of the top flange.
Figure 41 shows the polnts 1 and 2 in thelr origlnel
positions and 1' and 2 in thelr displaced positions,

dx = vdf ; 95:95‘—-:%

ax rdg

The new curvaeture may be expressed as

_ad + aag
l—dx+Adx ()

i
r

where 2 is the new radius,

The sangle between the tangent to the center line at
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1l and the normal to the radius at 1' 1s % « The cor=-
responding angle at 2' 1s

E; e ax
Then
2
d 2
Adp = ---—gdx
’6' dx

and

Adx=(!'+2) dﬂ“!ﬁﬂ:Zdﬁ:Ed-—x
r

Substitubing in equation (a) we have

2 2

d z l 4%z

ag ~ ax = - —a

, ¥TEE (TR
1 dx—l-ﬁg?f 1+-:-;

rl rlr r dx
rq r yr axe e 2
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since ra can be taken equal to rr; for very small changes

in the length of the radius, Also

..J.‘.....].-.=+
X

ry

wm
EH

The plus sign on the right side of the equation
follows from the sign of the bending moment which is

taken to be positive when 1t produces a decrease in the

inltiel curvature,

We may then write
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APPENDIX B

uarter-Polnt TLoads.

In order to stuwdy the effect of several loads on
the beum at one time the curves of Filgs, 42, 43, 44
and 45 are plotted., The outer fiber stresses are
obtalned by the theoretical superposition of the previous
individual loads at o=45°, o=90° and =135°,

To keep the stresses wlthlin working limits loads of 200
lbs, each are placed at the quarter~points, These
flgures also show the stress due to the bending moment
M. It 1s seen that this latter stress is very small
compared with the outer fiber stress, In fact, on
comparing the maximum values of each it 1s noted that
-they have a ratio of about 1 to 7,

Unless it is necessary 4o keep within certain 1limits
of deflectlons 1t would seom best to take the working
stress for the outer fibers near the yield point, If
the yleld point should be reached in the outer fibers

the author belleves little damage would be done except
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that the deflectlon might be excessive, The reason for
this bellef 1s that although the stress due to the
moment% is high 1t affects a localized portlon of the
beam, In other words this 1s another case of relatively
high locallized stress., As stated before, the stresses
due to%{ are of the same sign in the outer edges of
the beam dlagonslly o‘pposite one another,
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